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Abstract
Two-valued sets are local sets of the two-dimensional Gaussian free
field (GFF) that can be thought of as representing all points of the
domain that may be connected to the boundary by a curve on which
the GFF takes values only in [−a, b]. Two-valued sets exist whenever
a+ b > 2λ, where λ depends explicitly on the normalization of the GFF.
We prove that the almost sure Hausdorff dimension of the two-valued set
A−a,b equals d = 2− 2λ2/(a+ b)2. For the two-point estimate, we use
the real part of a “vertex field” built from the purely imaginary Gaussian
multiplicative chaos. We also construct a non-trivial d-dimensional mea-
sure supported on A−a,b and discuss its relation with the d-dimensional
conformal Minkowski content for A−a,b.
1 Introduction
Let Γ be a two-dimensional Gaussian free field (GFF) in the unit disc D with
Dirichlet boundary condition. A local set for Γ is a random set A ⊂ D coupled
with Γ and a field ΓA, harmonic on DrA, such that conditionally on the pair
(Γ, A), the field Γ − ΓA is a GFF in D r A. Local sets for Markov random
fields were first studied in the 1980s by Rozanov [18] and later rediscovered in
the context of the 2D GFF by Schramm and Sheffield [19]. Well-known and
important examples of local sets are SLEκ curves coupled with the GFF in
the sense of [13].
For a + b > λ = pi/2 with our normalization of the field, it is possible to
construct a local set, A, with the property that the associated field ΓA can
be represented by a function in DrA that only takes the two values −a and
b. This is the two-valued local set1 A−a,b. One way to think about A−a,b is as
a generalization to two-dimensional ‘time’ of the first exit time of the interval
[−a, b] for a 1D Brownian motion started at 0.
The class of two-valued local sets was introduced and studied systematically
in [6], see also, e.g., [5, 3, 2]. The conformal loop-ensemble with parameter
1We will review the relevant definitions in detail below.
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4, CLE4 (choosing a = b = 2λ), the arc-loop ensemble used to couple the
free-boundary GFF with the GFF with zero boundary condition (choosing
a = b = λ) [17] and, conjecturally, the limit of cluster interfaces in the XOR-
Ising model (choosing a = b = 2
√
2λ) [23] are all two-valued local sets. The
computation of the expectation dimension of A−a,b was sketched in [6] and
our first theorem gives the almost sure result for the Hausdorff dimension.
Theorem 1.1. Let Γ be a GFF in D. For all a, b > 0 such that a+ b > 2λ,
almost surely,
dimH A−a,b = 2− 2λ
2
(a+ b)2
.
The proof of Theorem 1.1 will be completed at the end of Section 5. We will
write d = 2− 2λ2/(a+ b)2 throughout the paper.
By setting a = b = 2λ we recover the well-known result that the CLE4 carpet
dimension equals 15/8. Moreover, since for every a > 0, the first-passage
set of level −a (see [3]) can be constructed as A−a =
⋃
b′ A−a,b′ , we have the
following corollary, first proved in [3].
Corollary 1.2. Fix a > 0. Then dimH A−a = 2 almost surely.
As usual, the main difficulty is the correlation estimate. In the case at hand
there are several possible approaches to it, e.g., using SLE techniques and loop
measures, see [14] and [15] respectively, for related work. The latter approach
gives very short proofs in the special case when a, b are integer multiples of
2λ but more work is needed for general a, b.
In this paper, we will follow a different path and prove the correlation esti-
mate using an observable constructed from the purely imaginary Gaussian
multiplicative chaos [11, 8] and we feel this approach is of some independent
interest. The imaginary chaos Viσ = Viσ(Γ) is the field that one gets in the
limit as ε→ 0+ of ε−σ2/2eiσΓε(z), where σ is real and Γε(z) are circle averages
of Γ. If σ ∈ (0,√2) one may take this limit in probability in the Sobolev space
Hs, s < −1, see [8] and further discussion below. In the language of conformal
field theory, Viσ is a vertex field (or operator) with imaginary charge iσ, see,
e.g., [10]. In Section 1.1 we will try to provide some intuition for why the
imaginary chaos carries information about the geometry of the GFF.
The construction of two-valued sets, which we will review below, uses SLE4-
type processes. So an immediate lower bound on the dimension is that of
SLE4, namely 3/2 [7], which turns out to be the dimension of the smallest
two-valued local set: the arc-loop ensemble, ALE, gotten by setting a = b = λ.
Actually, our approach can be used to give a short proof of correlation estimate
for SLE4.
It is shown in [8] that the renormalized scaling limit of the spin configuration
of an XOR-Ising model with +/+ boundary condition agrees in law (up to
a constant and with our normalisation) with the real part of an imaginary
chaos with σ = 1/
√
2. In fact, ideas appearing in this paper can be combined
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with work in [21] in order to shed light on some aspects of Wilson’s conjecture
about interfaces of the XOR-Ising model.
In Section 6, we use the imaginary chaos to construct a non-trivial measure
supported on A−a,b. This measure represents Viσ(Γ−(a−b)/2) conditional on
the values of the GFF on top of A−a,b. We do not prove that the d-dimensional
conformal Minkowski content on A−a,b exists, but we show that on the event
that it does then it agrees with the measure we construct up to a multiplicative
constant. The following theorem summarizes the results of Section 6.
Theorem 1.3. Fix a, b such that a + b > 2λ and set σc = 2λ/(a + b). For
δ > 0, define a random measure on D by the relation
dµδ = δrDrA−a,b(z)
−(σc−δ)2/2dz,
where rDrA−a,b(z) is the conformal radius at z of the connected component of
DrA−a,b containing z. Then as δ → 0+, µδ converges in law with respect to
the weak topology to a random measure µ supported on A−a,b and such that
E [µ(D)] =
2
a+ b
sin
(
pia
a+ b
)∫
D
rD(z)
d−2dz.
Moreover, there is a deterministic constant c depending only on a and b such
that on the event that the d-dimensional conformal Minkowski content of A−a,b
exists, then it is necessarily equal to the measure cµ.
Here and below we write dz for two-dimensional Lebesgue measure.
1.1 Imaginary chaos and the geometry of the GFF
To give some intuition as to why imaginary chaos may encode geometric
information about two-valued sets let us discuss a few related examples. The
first one is elementary. Suppose a, σ > 0 and that Bt is linear Brownian
motion started from x with |x| < a. If we let τ−a,a be the first exit time of
the interval (−a, a), then it is not hard to see that
V iσt := exp
(
iσBt∧τ−a,a +
σ2
2
(t ∧ τ−a,a)
)
is a uniformly integrable martingale if and only if aσ < pi/2. Thus as long as
σ < pi/2a =: σc, we have that for all x ∈ [−a, a]
Ex
[
e
σ2
2
τ−a,a
]
=
cos(σx)
cos(σa)
. (1)
Hence, we can obtain the Laplace transform of τ−a,a by analyzing (the real
part of) V iσt . Furthermore, the critical value σc gives the pole with largest real
part and so the tail behavior of the distribution. Actually, this computation
essentially gives the one-point estimate for the two-valued set, see Lemma 4.1.
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Let us come back to the heuristics for the proof of Theorem 1.1. It is enough
to consider the symmetric case a = b. To obtain the correlation estimate we
study the conditional expectation of the real part of the imaginary chaos close
to a given point, that is, the conditional law given A−a,a of random variables
of the form Cz = Re(V
iσ,1B(z,δ)), where B(z, δ) is the ball of radius δ about
z. For a fixed point the expected value of this quantity is small. However,
for the exceptional points that are close to A−a,a, the conditional expectation
becomes large due to a factor involving the conformal radius of Dr A−a,a to
a negative power and since we take the real part, the factor coming from the
harmonic function, which takes values ±a, is in fact constant. As in the case
of Brownian motion, the growth rate near A−a,a will depend on the parameter
σ, and the desired bound matching the one-point estimate corresponds the
‘critical’ σ = σc. Because of the good correlation structure of the two-valued
set it possible to estimate the behavior of an appropriate two-point function
with two ‘insertions’ and use it to prove the two-point estimate.
Let us make a few further remarks.
An important quantity in the study of the fractal geometry of SLE curves
is the SLEκ Green’s function, i.e., the renormalised limit of the probability
that the SLEκ path gets near a given point. Conditioning on a portion of
the path, this Green’s function gives a local SLEκ martingale which blows
up on paths that get near the marked point. In some sense, the conditional
expectation E[Re (Viσc , f) | A−a,a] with f a point mass at z is the analogue
of this martingale when one considers the whole path.
Actually, the SLE Green’s function and several other geometric SLE observ-
ables can (at least formally) be represented as CFT vertex fields [10]: roughly
speaking, given a simply connected domain D with marked distinct boundary
points a, b, one considers fields of the form
Oσ,σ∗ = Oσ,σ∗D,a,b = X · eiσΓ
+−iσ∗Γ+ ,
where X is an explicit deterministic function depending on the configuration
(D, a, b) and Γ+ is a formal multivalued object known as chiral field associated
to the GFF, given as Γ+ =
∫ z
Jdz, where J = ∂Γ is the GFF current, see
Lecture 9 of [10]. For example, if σ = Dκ/2 then the SLE Green’s function
can be represented as the correlation function G(z) = 〈Oσ,σ(z)〉 for a GFF
with particular boundary data. However, as opposed to the imaginary chaos,
the precise probabilistic meaning of the chiral vertex field is not clear.
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2 Preliminaries
2.1 Gaussian free field and local sets
Let D ( C be a simply connected domain and let G(z, w) = GD(z, w) be the
Brownian motion Green’s function for D with Dirichlet boundary condition.
Recall that if we fix w ∈ D and let z 7→ u(z) = u(z, w) solve the Dirichlet
problem for D with u(ζ) = log |ζ − w|, ζ ∈ ∂D, as boundary data, then
G(z, w) = G(w, z) = u(z, w)− log |z − w|.
The Dirichlet energy space E = ED is the completion of C
∞
0 (D) using the
norm
‖f‖2E =
∫
D×D
f(z)f(w)G(z, w)dzdw.
The (real) Gaussian free field on D, Γ : E → L2(P), is the Gaussian process
(or from a different point of view, the Gaussian Hilbert space) indexed by the
Dirichlet energy space E with correlation kernel given by the Green’s function.
That is, a collection of mean zero Gaussian random variables Γ(f), f ∈ E,
such that
E[Γ(f)Γ(g)] =
∫
D×D
f(z)g(w)G(z, w)dzdw.
For ε > 0 one can also realize the GFF as a random element of the Sobolev
space H−ε(D), i.e., a random distribution such that for each test function f ,
Γ(f) is a centered Gaussian random variable as above.
The last paragraph defines the GFF with Dirichlet boundary condition. We
may impose other deterministic boundary conditions by adding to Γ the
solution to the Dirichlet problem with the desired boundary data.
We say that A is a local set for the GFF Γ if A is a random subset2 of D with
the property that there is a coupling of Γ, A and a field ΓA, where:
• ΓA can be represented by a harmonic function hA on D rA;
• Conditionally on the tuple (Γ, A), the random distribution ΓA := Γ−ΓA
is a GFF in D rA.
Definition 2.1. Let A be a local set coupled with a GFF Γ. We denote FA
the sigma algebra generated by the pair (A,ΓA).
We say that a local set A such that hA is bounded
3 is thin if for every test
function f ∈ C∞0 (D),
(ΓA, f) =
∫
DrA
hA(z)f(z)dz.
2A random subset of D is by definition a random element of the space of compact subsets
of D with the Borel sigma algebra and topology generated by Hausdorff distance.
3The definition in the case where hA(·) does not belong to L1loc is discused in [20].
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That is, the field ΓA does not “charge” A. The following sufficient condition
to be thin concerns the size of the set A and can be found in [20].
Proposition 2.2 (Proposition 1.3 of [20]). Let A be a local set of a GFF Γ
such that its upper Minkowski dimension is a.s. strictly smaller than 2. Then
A is thin.
2.2 Level lines
To construct two-valued sets for a GFF Γ, we need random curves η such that
for any stopping time τ of η the set ητ := η([0, τ ]) is a thin local set of Γ and
such that hητ is bounded. The first example of a curve like this was found
by Schramm and Sheffield in [19] and then further expanded in [22, 16] using
the techniques of [13]. Here is the special case needed for this paper.
Theorem 2.3 (Theorem 1.1.1 and 1.1.2 of [22]). Let ρL, ρR > −2 and let Γ
be a GFF in H with boundary condition −λ(1+ρL) on R− and −λ(1+ρR) on
R+. Then there exists a random continuous curve η such that for all stopping
times τ the set ητ = η[0, τ ] is a thin local set of Γ such that hητ is the unique
bounded harmonic function in Hr ητ with boundary condition
−λ(1 + ρL) on R−;
λ(1 + ρR) on R+;
−λ on the left-hand side of ητ ;
λ on the right-hand side of ητ .
Furthermore, the curve η is a deterministic function of Γ and the law of η is
that of SLE4(ρ
L, ρR).
In the statement, the left-hand side of the curve γτ is defined as those prime-
ends on the trace that the uniformizing Loewner map gτ maps to the left of
gτ (η(τ)) and similarly for the right-hand side.
When the SLE η is coupled with Γ in the sense of Theorem 2.3, we say that
it is a level line of the Γ.
2.3 Two-valued local sets
Fix a, b > 0, and let Γ be a zero boundary GFF in a simply connected domain
D. We say that A−a,b is a two-valued set (abbreviated TVS) of levels −a and
b if it is a thin local set of Γ with the property that:
() For all z ∈ D rA−a,b, a.s. hA−a,b(z) ∈ {−a, b}.
We denote by rD(z) the conformal radius of D at z. Let us recall the main
properties of two-valued sets.
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Proposition 2.4 (Proposition 2 of [6]). Suppose −a < 0 < b. There exists
a thin local set A−a,b coupled with a GFF Γ satisfying () if and only if
a+ b > 2λ. Moreover, A−a,b satisfies the following properties:
1. If A′ is a thin local set of Γ satisfying (), then A′ = A−a,b almost
surely.
2. The local sets A−a,b are deterministic functions of Γ.
3. If [−a, b] ⊂ [−a′, b′] and −a < 0 < b with b+a > 2λ, then almost surely,
A−a,b ⊂ A−a′,b′.
4. For z ∈ D fixed, the random variable log rD(z)− log rDrA−a,b(z) is dis-
tributed as the first hitting time of {−pia/2λ, pib/2λ} by a one-dimensional
Brownian motion started from 0.
We also mention that being a bounded-type thin local set (a BTLS), we have
that A−a,b ∪ ∂D is a connected set, see [6] for further properties.
Remark 2.5. Note that, a priori, if one fixes an instance of a GFF Γ, one
can only define A−a,b simultaneously for a countable subset of (a, b) ∈ R2+.
However, using the monotonicity property we can give a definition on a
probability one event for all a, b such that a+ b > 2λ simultaneously. Indeed,
take a, b ∈ R+ such that a+ b > 2λ. Then we have
A−a,b :=
⋃
a′,b′∈Q+
a′+b′>2λ
a′6a,b′6b
A−a′,b′ .
This fact follows from the uniqueness of two-valued sets (Proposition 2.4)
and Lemma 2.3 of [3] and we have that this defines A−a,b simultaneously
for all a, b ∈ R+ with a + b > 2λ. Furthermore, by the monotonicity of
A−a,b (Proposition 2.4), if we prove Theorem 1.1, we obtain immediately that,
almost surely, for all a+ b > 2λ
dimH A−a,b = 2− 2λ
2
(a+ b)2
.
2.4 Construction of two-valued sets
For the convenience of the reader, we briefly recall here the construction of
the two-valued sets for a zero-boundary GFF Γ in D. The construction in
other domains is similar. To see that the local sets we construct are thin one
can use Proposition 2.2 together with an estimate on the expected dimensions
of the sets, see Section 6 of [6].
We begin by noting that if a or b is 0, then letting A = ∅ it is clear that
hA = 0 and by uniqueness (Proposition 2.4) we then have that A−a,b = ∅.
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Figure 1: Construction of two-valued set.
ALE (A−λ,λ): We will now construct the set A−λ,λ in D. This we do in full
detail, as this contains the main idea for the construction of every other two-
valued set. Let η be the (zero-height) level line from −i to i of Γ. Then η is
an SLE4(−1,−1) curve which divides D into components O1j , j ∈ J for some
index set J , i.e., D r η = ∪j∈JO1j . As the boundary values of the harmonic
function hη are −λ on the left of η and λ on the right and 0 on ∂D, we have
by the domain Markov property that inside each O1j we have an independent
GFF Γ1j with boundary value 0 on ∂O
1
j ∩ ∂D and on ∂O1j ∩ η the boundary
value is −λ if O1j is to the left and λ if O1j is to the right of η. Thus, we can
begin iterating.
Assume that O1j lies to the right of η and let w
1
j and z
1
j be the start- and
endpoints, respectively, of the clockwise arc ∂O1j ∩ ∂D. Next, explore a level
line η1j of Γ
1
j from w
1
j to z
1
j . Again, on this curve, the boundary values of the
harmonic function are −λ and λ, but due to choosing η1j to travel from w1j to
z1j , the side with boundary value λ is the one closer to η. Thus, in the region
enclosed by η and η1j (it is indeed only one region, as η
1
j is an SLE4(−1) curve
attracted to ∂D and will hence not hit η), the harmonic function has constant
boundary value λ, and is hence constant of value λ. The same is done in the
domains to the left (but with z1j as the staring point and w
1
j as the endpoint
of the clockwise arc of ∂O1j ∩ ∂D), and then the harmonic function is −λ in
the region enclosed between the two curves. See Figure 1.
Doing this in every ∂O1j , and writing A
1 = η ∪j η1j we see that the harmonic
function hA1 is constant in each bounded component of C r A1. In the
components of DrA1 with an arc of ∂D as part of its boundary we again have
boundary conditions 0 on ∂D and ±λ on η1j (now −λ if the region is to the
right of η and λ if it is on the left). Thus, we are in the same setting as in the
first iteration and we can explore new level lines η2j so that if A
2 = A1 ∪j η2j ,
then hA2 is constant on each bounded component of CrA2. Thus, proceeding
with this, we end up with a set A such that hA ∈ {−λ, λ}, that is, A = A−λ,λ.
a = −n1λ and b = n2λ, n1, n2 ∈ Nr {0}: Pick a countable dense subset S of
D. Choose one z ∈ S and construct A−λ,λ. If hA−λ,λ(z) ∈ {−n1λ, n2λ}, then
we are done for this z. If not, then construct the two-valued setA−λ,λ, denote it
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by A2−λ,λ, of the zero-boundary GFF in the component of DrA−λ,λ containing
z. Then hA−λ,λ∪A2−λ,λ(z) = hA−λ,λ(z) + hA2−λ,λ(z) and if hA−λ,λ∪A2−λ,λ(z) ∈
{−n1λ, n2λ}, we stop. Otherwise, we continue the iteration until we reach
that value. Doing this for every z ∈ S gives the set A−a,b.
a+ b = 2λ: Let c = (b − a)/2. Then c ∈ (−λ, λ) and repeating the exact
same construction as for A−λ,λ, but with level lines of height c (that is, level
lines on which the harmonic function takes values c − λ, c + λ), we instead
get components in which the harmonic function takes values c + λ = b and
c− λ = −a.
a+ b = nλ, 3 6 n ∈ N: Let c ∈ (−λ, λ) be such that there exists non-negative
integers n1 and n2 such that −a = c − n1λ and b = c + n2λ (i.e., such that
n1 +n2 = n). Start with Ac−λ,c+λ and in the components where the harmonic
function has the value c−λ construct A−(n1−1)λ,(n2+1)λ and in the components
where the harmonic functions has value c+ λ construct A−(n1+1)λ,(n2−1)λ.
a+ b > 2λ: Assume by symmetry that a > λ. Let c ∈ [0, λ) and n1, n2 ∈ N
be such that b = c+n1λ and b−n2λ ∈ [−a,−a+λ) and write d = a+ b−n2λ.
We start with an Ab−n2λ,b (which is possible because necessarily, b− n2λ < 0
and n2 > 2). In the connected components where the harmonic function is b
we are done, and hence stop, but in the components where it takes the value
b − n2λ, iterate A−d,−d+n2λ. Then we get connected components where the
harmonic function takes the values −a (there we stop) and b−d. Continue by
iterating Ad−n2λ,d in the (b− d)-components to again get components where
the harmonic function takes values b and b − n2λ. Continue an alternating
iteration of A−d,−d+n2λ and Ad−n2λ,d in the components where the values −a
and b are not taken, and finally take the closure of the union of all of the
constructed sets to get A−a,b.
2.5 Imaginary multiplicative chaos
We now recall the construction and main results related to the purely imagi-
nary chaos. Let Γ be a Dirichlet boundary condition GFF in D (extended by
0 to Dc) and let σ ∈ R. For ε > 0, we will write Γε(z) = Γ(ρε(z)) for the circle
averages obtained by taking ρε(z) to be the uniform probability measure on
the circle of radius ε about z. If D is a domain, we write d(z, ∂D) for the
distance from z to ∂D and recall that rD(z) denotes the conformal radius
of D seen from z. Then if d(z, ∂D) > ε, for ε fixed, z 7→ Γε(z) is a random
Ho¨lder continuous function. If z, w satisfy |z − w| > 2ε and are at distance
greater than ε from ∂D, then since the Green’s function is harmonic in both
variables we have
E[Γε(z)Γε(w)] = GD(z, w).
Moreover, E[Γε(z)2] = log ε−1 + log rD(z). For ε > 0, define
Viσε (z) := e
iσΓε(z)−σ22 ln ε
9
and note that
E[Viσε (z)] = rD(z)−
σ2
2 .
Proposition 3.1 of [8] gives convergence of a slightly differently normalized
version of Viσε (z) (see also [11]): if 0 < |σ| <
√
2, then as ε → 0 the random
functions V˜iσε (z) := rD(z)
σ2
2 Viσε (z) (extended by 0 to Dc) converge in proba-
bility in the Sobolev space Hs(C), s < −1, to a non-trivial random element
V˜iσ supported on D.4 We now define
Viσ = rD(z)
−σ2
2 V˜iσ.
Then for a real-valued test function f ∈ C∞0 (D)5, (Viσ, f) is well-defined and
if we take (Viσε , f) =
∫
D V
iσ
ε f dz, then (V
iσ
ε , f)→ (Viσ, f) in L2(P) and
E
[
(Viσ, f)
]
=
∫
D
f(z)rD(z)
−σ2
2 dz. (2)
In fact, assuming f is bounded, measurable, and with support compactly
contained in D, convergence of (Viσε , f) occurs in all Lp(P) spaces, p > 1, and
we interpret (Viσ, f) as this limiting random variable for which (2) holds as
well. See e.g. the proof of Corollary 3.11 of [8]. See Proposition 2.6 below for
formulas for the n-point correlations.
We will also consider the real part of Viσ, which we think of as the cosine of
the field σΓ. We have the following definition, also appearing in [8]. Suppose
|σ| < √2. Then for any function bounded and measurable function f , with
support compactly contained in D, we define
(cos(σΓ), f) = lim
ε→0+
∫
D
ε−
σ2
2 cos(σΓε(z))f(z)dz = Re(V
iσ, f),
where the convergence again takes place in Lp(P) for any p > 1.
Next, we need to be able to compute correlations of the imaginary chaos. We
refer to [8] for additional discussion. Suppose D is a simply connected domain.
Let m,n ∈ N, z = (z1, . . . , zm+n) = (x1, . . . , xm, y1, . . . , yn), and define the
m+ n point correlation function as follows〈 m∏
j=1
Viσ(xj)
n∏
k=1
V−iσ(yk)
〉
D
:=
(
m+n∏
l=1
rD(zl)
−σ2
2
)
exp
(
−σ2
(∑
j<j′ GD(xj , xj′) +
∑
k<k′ GD(yk, yk′)
))
exp
(
−σ2
(∑
j,kGD(xj , yk)
))
(3)
4This result in fact holds for any simply connected and bounded domain D, but we only
need to consider the unit disc.
5We will always consider real-valued test functions.
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Note that the correlation function is symmetric with respect to exchanging
the x and y vectors. To give a little bit more intuition for the correlation
function, let us recall that GD(z, w) = − log(|z − w|) + u(z, w) where u(z, w)
solves the Dirichlet problem with boundary data log | · −w|. So when D is
bounded and w is in a compact subset K ⊂ D, u is also bounded. It follows
that〈 m∏
j=1
Viσ(xj)
n∏
k=1
V−iσ(yk)
〉
D
K
(∏
j<j′ |xj − xj′ |σ
2
)(∏
k<k′ |yk − yk′ |σ
2
)
(∏
j,k |yj − xk|σ2
)
where the implicit constant depends on the fixed compact K ⊂ Dm+n in
which z varies. We can now write down the correlation function of Viσ. More
precisely, by Gaussian calculations and Proposition 3.6(ii), Lemma 3.10 and
Corollary 3.11 of [8] giving sufficient integrability, we have the next proposition.
While the first and last results are stated for mollifications of the field, rather
than the approximation by circle averages, the circle averages Γεn constitute a
standard approximation of the field Γ (see Definition 2.7 of [8]) for any sequence
εn ↘ 0, and using these properties, the proof of Proposition 3.6(ii) and hence
Corollary 3.11 of [8] for circle averages are the same as for mollifications.
Proposition 2.6. Let Viσ be the imaginary chaos in D with 0 < σ <
√
2. For
all measurable, bounded functions (fj)
m
j=1, (gk)
n
k=1 with supports compactly
contained in D,
E
(∏
j
(Viσ, fj)
)(∏
k
(Viσ, gk)
)
=
∫
Dn+m
〈 m∏
j=1
Viσ(xj)
n∏
k=1
V−iσ(yk)
〉
D
∏
j,k
fj(xj)gk(yk)dxjdyk.
Remark 2.7. An important difference for the imaginary chaos compared
to the “standard” case of real Gaussian multiplicative chaos, the limiting
measure obtained by passing to the limit with εα
2/2eαΓεdz. In the complex
case, when there is convergence in L2 there is also convergence for all Lp, and
when there is no convergence in L2, then the field does not converge in L1. It
turns out that the moments determine the distribution, see Theorem 1.3 in
[8].
Remark 2.8. Similar results hold for imaginary chaos for given σ defined on
bounded simply connected domains D satisfying the condition∫
D
d(z, ∂D)−
σ2
2 dz <∞. (4)
Note that for the unit disc, this condition is satisfied for all σ <
√
2. Moreover,
if we know that the Minkowski dimension of the boundary is strictly smaller
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than 2 (as is the case of SLE4-type loops which have dimension 3/2), then (4)
is satisfied for small enough σ.
However, without this information (4) may fail within the class of Holder
domains even for small σ. Compare this with the case of SLEκ, κ ∈ (4, 8) for
which the expected (1 + κ/8)-dimensional Minkowski content away from the
start and end points is finite for all bounded simply connected domains.
3 Imaginary chaos conditioned on a two-valued set
3.1 Main estimate
Suppose we are given the two-valued set A−a,a. The components of DrA−a,a
is a collection of simply connected domains each with a well-defined Green’s
function. For z ∈ Dr A−a,a we let O(z) denote the connected component of
Dr A−a,a containing z. It is convenient to think of this collection of Green’s
functions as one function and we shall make the following definition.
GDrA−a,a(z, w) =
{
GO(z, w), if O(z) = O(w) = O,
0, otherwise.
Moreover, we write rDrA−a,a(z) = rO(z)(z) and we define〈 m∏
j=1
Viσ(xj)
n∏
k=1
V−iσ(yk)
〉
DrA−a,a
by (3), replacing GD and rD by GDrA−a,a and rDrA−a,a , respectively.
The objective of the following section is to prove the following proposition.
Proposition 3.1. Let Γ be a GFF in D, let a > λ, 0 6 σ < σc := λ/a 6 1
and suppose Viσ is the imaginary chaos. Then for any set of measurable,
bounded functions (fj)
m
j=1, (gk)
n
k=1 with supports compactly contained in D,
E
(∏
j
(Viσ, fj)
)(∏
k
(Viσ, gk)
)∣∣∣∣∣FA−a,a
 (5)
=
∫
(DrA−a,a)n+m
e
iσ
(∑
j hA−a,a (xj)−
∑
k hA−a,a (yk)
)
×
〈 m∏
j=1
Viσ(xj)
n∏
j=1
V−iσ(yj)
〉
DrA−a,a
∏
j,k
fj(xj)gk(yk)dxjdyk,
where FA−a,a is the sigma algebra generated by (A−a,a,ΓA−a,a) as in Definition
2.1.
This result is in a sense simply a modification of the main result of [4]. The
principal difference is the fact that instead of conditioning only one term of the
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product we can actually work with many of them due to the good integrability
properties.
For the attentive reader, it may come as a surprise the fact that we ask
σ < σc 6 1, as we would like to have the result for all σ <
√
2. The fact that
this result actually does not hold for the whole range of σ is in some sense
what makes combining imaginary chaos with two-valued sets interesting.
3.2 One-point function conditioned on a two-valued set
Let us now describe how Viσ looks when one conditions on A−a,a.
Lemma 3.2. Suppose a > λ and σ < σc = λ/a. Then, for each bounded
measurable function f ,
E
[
(Viσ, f)|FA−a,a
]
=
∫
D
f(z)rDrA−a,a(z)
−σ2/2eiσhA−a,a (z)dz. (6)
Proof. As (Viσε , f) converges in L
1(P) to (Viσ, f) it follows that as ε → 0,
E[(Viσε , f) | FA−a,a ] converges to E[(Viσ, f) | FA−a,a ] in L1(P). Hence, it
suffices to show that E[(Viσε , f) | FA−a,a ] converges in probability to the right-
hand side of (6). Since A−a,a is a thin local set for Γ, given FA−a,a we have
the decomposition Γ = hA−a,a + Γ
A−a,a . This implies that the conditional
expectation of (Viσε , f) given FA−a,a can be written∫
d(z,A−a,a)>ε
f(z)e
iσhA−a,a (z)E
[
eiσΓε(z)−
σ2
2
ln ε
∣∣∣FA−a,a] dz
+
∫
d(z,A−a,a)6ε
E
[
f(z)eiσΓε(z)−
σ2
2
ln ε
∣∣∣FA−a,a] dz
=
∫
d(z,A−a,a)>ε
f(z)rDrA−a,a(z)
−σ2
2 e
iσhA−a,a (z)dz
+
∫
d(z,A−a,a)6ε
E
[
f(z)eiσΓε(z)−
σ2
2
ln ε
∣∣∣FA−a,a] dz.
By dominated convergence, the first term in the last expression converges to
the right-hand side of (6) almost surely so the result follows if we show that
the second term converges to 0 in probability. This fact is the content of the
next lemma, and assuming that lemma the proof of this one is complete.
Lemma 3.3. Suppose a > λ and σ < σc = λ/a. Then, for each bounded
measurable function f ,∫
D
E
[
f(z)eiσΓε(z)−
σ2
2
ln ε
∣∣∣∣FA−a,a]1{d(z,A−a,a)<ε}dz
converges to 0 in L1(P), and thus, in probability, as ε→ 0.
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Proof. We begin by noting that∣∣∣∣∣
∫
d(z,A−a,a)6ε
E
[
f(z)eiσΓε(z)−
σ2
2
ln ε
∣∣∣FA−a,a] dz
∣∣∣∣∣
6
∫
D
1{d(z,A−a,a)6ε}(z)|f(z)|ε−
σ2
2 dz.
Thus, taking expectations we have
E
[∣∣∣∣∣
∫
d(z,A−a,a)6ε
E
[
f(z)eiσΓε(z)−
σ2
2
ln ε
∣∣∣FA−a,a] dz
∣∣∣∣∣
]
6 E
[∫
D
1{d(z,A−a,a)6ε}(z)|f(z)|ε−
σ2
2 dz
]
6 ‖f‖L∞ε−σ
2
2
∫
D
P(d(z,A−a,a) 6 ε)dz
6 ‖f‖L∞ε−σ
2
2
∫
D
P(rDrA−a,a(z) 6 4ε)dz,
since d(z,A−a,a) 6 ε implies that rDrA−a,a(z) 6 4ε. By Lemma 4.1, this is
bounded by a constant times
ε
σ2c−σ2
2
∫
(1−8ε)D
rD(z)
−σ2
2 dz + ε−
σ2
2
∫
(1−8ε)<|z|<1
P(rDrA−a,a(z) 6 4ε)dz
= O(ε
σ2c−σ2
2 ) +O(ε1−
σ2
2 ),
and since σ < σc 6 1 we are done.
3.3 The general case: Proof of Proposition 3.1
The proof of the general case is similar to the one point estimate, with some
additional technical complications. The main idea is the same: we show that
the points near the two-valued set do not contribute to the integral but we
also need to handle terms with points on the ‘diagonal’.
Proof of Proposition 3.1. We want to pass to the limit as ε → 0 with the
following expression.
E
(∏
j
∫
D
Viσε (xj)fj(xj)dxj
)(∏
k
∫
D
Viσε (yk)gk(yk)dyk
)∣∣∣∣∣FA−a,a
 . (7)
As in the proof of Lemma 3.2, we have that(∏
j
(Viσε , fj)
)(∏
k
(Viσε , gk)
)
→
(∏
j
(Viσ, fj)
)(∏
k
(Viσ, gk)
)
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in L1(P), so the random variables (7) converge in L1(P). We will show that
we have convergence in probability to the right-hand side of (5). For this, we
first define the small sets
Aε = {z ∈ D : d(z,A−a,a) 6 ε},
and with N = m+ n,
Bε = {(z1, . . . , zN ) ∈ DN : ∃j 6= k such that |zj − zk| 6 2ε}.
We split each integral appearing in (7) in a ‘good’ part corresponding to
integrating over
Gε = (DN rANε ) ∩ (DN rBε) ⊂ DN ,
and a ‘bad’ part corresponding to integrating over DN rGε. We will prove
below that the bad part converges to 0 in probability. Assuming this, it follows
that the good part also converges in probability (since it is equal to a difference
of two random variables both converging in probability) and we want to show
that the convergence is towards the right-hand side of (5). To see this, note
that if z, w ∈ DrAε and |z−w| > 2ε then E[Γε(z)Γε(w) | FA−a,a ] = GO(z, w)
if z, w are in the same component O and 0 otherwise. So we get the following
formula:
E
∫
Gε
(∏
j
Viσε (xj)fj(xj)dxj
)(∏
k
Viσε (yk)gk(yk)dyk
)∣∣∣∣∣FA−a,a

=
∫
Gε
e
iσ
(∑
j hA−a,a (xj)−
∑
k hA−a,a (yk)
)
×
〈 m∏
j=1
Viσ(xj)
n∏
k=1
V−iσ(yk)
〉
DrA−a,a
∏
j,k
fj(xj)gk(yk)dxjdyk.
Since A−a,a is a two-valued set and N < ∞,
∑
j hA−a,a(xj) −
∑
k hA−a,a(yk)
can take only a finite number of values when xj , yk ∈ D r A−a,a. Moreover,
Gε is clearly increasing to (D r A−a,a)N (up to a null-set) as ε → 0 and
so by considering separately the positive and negative parts of the product
of test functions, we can apply the monotone convergence theorem (along a
subsequence) to see that this term indeed converges to the right-hand side of
(5) in probability.
Now we turn to proving that the integral over DN r Gε converges to 0 in
probability. We begin by considering the set
(DN rANε )c = {(z1, . . . , zN ) : d(zj ,A−a,a) 6 ε for some j ∈ {1, . . . , N}}.
To make notation simpler, we write
Vˆiσε (zl) =
{
Viσε (zl) if l 6 m,
Viσε (zl) if l > m,
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and
ϕˆl(zl) =
{
fl(zl) if l 6 m,
gl(zl) if l > m.
The integral over the set (DN rANε )c is a sum over terms of the form
E
( ∏
α(l)6L
∫
Aε
Vˆiσε (zα(l))ϕˆα(l)(zα(l))dzα(l)
)
(8)
×
( ∏
α(l)>L
∫
DrAε
Vˆiσε (zα(l))ϕˆα(l)(zα(l))dzα(l)
)∣∣∣∣∣FA−a,a
 ,
where α is a permutation of {1, . . . , N} and L > 1. The absolute value of (8)
is bounded by( ∏
α(l)6L
∫
Aε
ε−
σ2
2 |ϕˆα(l)(zα(l))|dzα(l)
)
× E
∣∣∣∣∣ ∏
α(l)>L
∫
DrAε
Vˆiσε (zα(l))ϕˆα(l)(zα(l))dzα(l)
∣∣∣∣∣
∣∣∣∣∣FA−a,a
 . (9)
By the proof of Lemma 3.3, the integrals over the Aε-sets converge in proba-
bility to 0. Thus, we need only show that the conditional expectation of the
integrals over DrAε is bounded as ε→ 0. This requires an argument since
what know at this point is that the integrals over D are bounded and that
the integrals over Aε converge to 0 as ε→ 0. But we can write the integrals
over D r Aε as differences of integrals over D and Aε and use the triangle
inequality. That is,∣∣∣∣∫
DrAε
Vˆiσε (zα(l))ϕˆα(l)(zα(l))dzα(l)
∣∣∣∣
6
∣∣∣∣∫
D
Vˆiσε (zα(l))ϕˆα(l)(zα(l))dzα(l)
∣∣∣∣+ ∫
Aε
ε−
σ2
2 |ϕˆα(l)(zα(l))|dzα(l).
Thus, using this, (9) is bounded by a sum of terms on the form( ∏
α˜(l)<L˜
∫
Aε
ε−
σ2
2 |ϕˆα˜(l)(zα˜(l))|dzα˜(l)
)
× E
∣∣∣∣∣ ∏
α˜(l)>L˜
∫
D
Vˆiσε (zα˜(l))ϕˆα˜(l)(zα˜(l))dzα˜(l)
∣∣∣∣∣
∣∣∣∣∣FA−a,a
 , (10)
where L˜ > L, and α˜ = τ ◦ α, where τ is a permutation of {1, . . . , N}, fixing
{1, . . . , L}. This term converges to 0 in probability, since the integrals over
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Aε converge to 0 in probability as ε→ 0 and since∣∣∣∣∣ ∏
α˜(l)>L˜
∫
D
Vˆiσε (zα˜(l))ϕˆα˜(l)(zα˜(l))dzα˜(l)
∣∣∣∣∣
converges in L1(P).
Thus, we have shown the convergence of the conditional expectation of the
integrals over the sets Gε and (DrANε )c, and to finish the proof it remains to
show that the conditional expectation of the integrals over the set Bε rANε
converges to 0 in probability.
Recall that Bε consists of sets where some points are within 2ε distance of
each other and the rest being of distance greater than 2ε from every other
point. That is, Bε is a union of sets on the form
B
(zp(1),zq(1)),...,(zp(k),zq(k))
ε = {(z1, . . . , zN ) ∈ DN : |zp(i) − zq(i)| 6 2ε, for i 6 k,
and |zp(i) − zq(i)| > 2ε for i > k}
where p, q : {1, . . . , N2−N} → {1, . . . , N} are such that for each i, p(i) < q(i)
and for each j < l, there is an i such that (j, l) = (p(i), q(i)). In this form it is
somewhat hard to evaluate the integral Bε, as the different coordinates depend
on each other and can not be separated as cylinder sets. For this reason we
rewrite it as follows. Define, for p, q as above, the indicator functions
U
(zp(1),zq(1)),...,(zp(k),zq(k))
ε = 1{|zp(1)−zq(1)|62ε} · · ·1{|zp(k)−zq(k)|62ε}.
Then the indicator function, I p,qε (k), of B
(zp(1),zq(1)),...,(zp(k),zq(k))
ε can be writ-
ten as a linear combination of different U
(·,·),...,(·,·)
ε . More precisely, by the
principle of inclusion-exclusion,
I p,qε (k) =
∑
i1,...,ij
j
(−1)jU (zp(1),zq(1)),...,(zp(k),zq(k)),(zp(i1),zq(i1)),...,(zp(ij),zq(ij))ε (11)
where the sum is over subsets {i1, . . . , ij} ⊆ {k+ 1, . . . , N(N −1)}, i1 < · · · <
ij , 0 6 j 6 N(N − 1) − k. This is very useful, because when expressed in
terms of these indicators, we get a sum of integrals in which we can separate
the points that lie close to each other (the points in the sets U
(·,·),...,(·,·)
ε ) from
the rest, and write each integral as a product of several integrals. It follows
that the conditional expectation of the integral over Bε rANε can be written
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as a sum of terms on the form
E
[ ∏
16l6N
l/∈Rkp,q(i1,...,ij)
(∫
DrAε
Vˆiσε (zl)ϕˆl(zl)dzl
)
×
∫
(DrAε)|R
k
p,q(i1,...,ij)|
U
(zp(1),zq(1)),...,(zp(k),zq(k)),(zp(i1),zq(i1)),...,(zp(ij),zq(ij))
ε
×
( ∏
l∈Rkp,q(i1,...,ij)
Vˆiσε (zl)ϕˆl(zl)dzl
)∣∣∣∣∣FA−a,a
]
where p, q are as above and
Rkp,q(i1, . . . , ij) = {l : l = p(i) or l = q(i) for some i ∈ {1, . . . , k, i1, . . . , ij}}.
Thus, by the triangle inequality and Jensen’s inequality, the absolute value
of the conditional expectation of the integral over Bε rANε is bounded by a
finite sum of terms on the form
E
[∣∣∣∣∣ ∏
16l6N
l/∈Rkp,q
∫
DrAε
Vˆiσε (zl)ϕˆl(zl)dzl
∣∣∣∣∣ (12)
×
∣∣∣∣∣
∫
(DrAε)|R
k
p,q |
U
(zp(1),zq(1)),...,(zp(k),zq(k))
ε
∏
l∈Rkp,q
Vˆiσε (zl)ϕˆl(zl)dzl
∣∣∣∣∣
∣∣∣∣∣FA−a,a
]
.
By repeating the argument earlier in this proof, we have that conditional
expectation of the product of the integrals on the first line of (12) is bounded
as ε→ 0. We will complete the proof by giving a deterministic upper bound
on the integral on the second line that will converge to 0 as ε → 0, for any
choice of p, q and k. Since |Vˆiσε (zl)| 6 ε−
σ2
2 , we have∣∣∣∣∣
∫
(DrAε)|R
k
p,q |
U
(zp(1),zq(1)),...,(zp(k),zq(k))
ε
∏
l∈Rkp,q
Vˆiσε (zl)ϕˆl(zl)dzl
∣∣∣∣∣
6
( ∏
l∈Rkp,q
‖ϕˆl‖∞
)
ε−|R
k
p,q |σ
2
2
∫
D|R
k
p,q |
U
(zp(1),zq(1)),...,(zp(k),zq(k))
ε
∏
l∈Rkp,q
dzl.
Next, we estimate the integral∫
D|R
k
p,q |
U
(zp(1),zq(1)),...,(zp(k),zq(k))
ε
∏
l∈Rkp,q
dzl.
To explain the idea let us first just consider the case k = 1. Im this case the
integral is . ε2 and if k = 2, the integral is . ε4. However, if k = 3 and p, q
are such that {zl : l ∈ R3p,q} consists of just three points, that is, we have
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three points, all within distance 2ε from each other, then the best bound we
can get on the integral is still . ε4. This is, because if the first two points
are within distance 2ε, then the third has to be in the intersection of their
2ε-neighbourhoods, but this region has area  ε2, so we still get a bound . ε4.
The important fact is that since σ < 1 6
√
2 the integral decays faster than
the factor coming from the estimate on the imaginary chaos blows up, so we
have convergence to 0.
More generally, we let Gkp,q be the graph with vertex set V
k
p,q = {zl : l ∈ Rkp,q}
and edge set Ekp,q = {(zp(i), zq(i)) : 1 6 i 6 k} and we let F kp,q = (V kp,q, Ek,Fp,q )
be a forest constructed by taking one spanning tree on each component of
Gkp,q. Clearly, |Ek,Fp,q | = |V kp,q| − ckp,q = |Rkp,q| − ckp,q, where ckp,q is the number of
components of Gkp,q (and hence F
k
p,q). Then, we have that∫
D|R
k
p,q |
U
(zp(1),zq(1)),...,(zp(k),zq(k))
ε
∏
l∈Rkp,q
dzl . ε2|E
k,F
p,q | = ε2(|R
k
p,q |−ckp,q).
Thus, the “worst” case is when we have the most possible components, that
is, if |Rkp,q| is even and ckp,q = |Rkp,q|/2. Hence we get∣∣∣∣∣
∫
(DrAε)|R
k
p,q |
U
(zp(1),zq(1)),...,(zp(k),zq(k))
ε
∏
l∈Rkp,q
Vˆiσε (zl)ϕˆl(zl)dzl
∣∣∣∣∣
6
( ∏
l∈Rkp,q
‖ϕˆl‖∞
)
ε−|R
k
p,q |σ
2
2
∫
D|R
k
p,q |
U
(zp(1),zq(1)),...,(zp(k),zq(k))
ε
∏
l∈Rkp,q
dzl
. ε2(|Rkp,q |−ckp,q)−|Rkp,q |σ
2
2 6 ε|Rkp,q |(1−σ
2
2
)
which converges to 0 as ε→ 0. Hence, each term of the form (12) converges to
0 in probability and hence the integral over BεrANε converges in probability
to 0 as ε→ 0, and the proof of Proposition
refp. general conditioning is complete.
3.4 Cosine of the field
We now analyze cos(σΓ), where Γ is a zero-boundary GFF in D. The compu-
tations performed here will be a key component in our proof of the two-point
estimate for the dimension of two-valued sets.
The calculations are somewhat lengthy but the main idea is simple. A con-
sequence of Proposition 3.1 is that if σ < σc then the conditional law of
cos(σΓ) given A−a,a is that of cos
(
σ(Γ + hA−a,a)
)
, where ΓA−a,a is (somewhat
informally) a GFF in D r A−a,a, and we have the familiar trigonometric
formula
cos
(
σ(ΓA−a,a + hAa,a)
)
= cos
(
σΓA−a,a
)
cos
(
σhA−a,a
)− sin(σΓA−a,a) sin (σhA−a,a) . (13)
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Let U be a subset compactly contained in D, and set Viσ = V−iσ. Let
CσU := (V
iσ + Viσ,1U ) = 2(cos(σΓ),1U ). (14)
The main observable we will study is then defined by
CσUC
σ
V C
σ
W , (15)
for appropriate compact sets U, V,W ⊂ D to be chosen in the next section.
We will compute the expected value of this observable in two different ways.
We first do this directly, using Lemma 2.6, and then by first conditioning on
A−a,a. The first computation is given in the following lemma. Define
HσD(x, y, z) = 2
(〈
Viσ(x)Viσ(y)Viσ(z)
〉
D
+
〈
Viσ(x)Viσ(y)V−iσ(z)
〉
D
+
〈
Viσ(x)Viσ(z)V−iσ(y)
〉
D
+
〈
Viσ(y)Viσ(z)V−iσ(x)
〉
D
)
.
Lemma 3.4. Let σ < σc, and U, V,W be disjoint, measurable sets compactly
contained in D. Then
E [CσUCσV CσW ] =
y
U×V×W
HσD(x, y, z)dxdydz. (16)
Proof. This is a special case of Lemma 2.6.
Next, we compute the conditional expectation of (15), given A−a,a. Heuristi-
cally, one just needs to apply (13) and note that sine is an odd function so it
will only appear in the expected value if it is squared.
Lemma 3.5. Let a > λ and σ < σc. Let U, V,W be disjoint, measurable sets
compactly contained in D and set Da = (UrA−a,a)×(V rA−a,a)×(WrA−a,a).
Then,
E
[
CσUC
σ
V C
σ
W | FA−a,a
]
= 2 cos(aσ)
y
Da
HσDrA−a,a(x, y, z)dxdydz (17)
− 8 cos(aσ) sin2(aσ)
y
Da
[
1A1
〈
Viσ(x)Viσ(y)Viσ(z)
〉
DrA−a,a
+ 1A2
〈
Viσ(x)Viσ(y)V−iσ(z)
〉
DrA−a,a
+ 1A3
〈
Viσ(x)Viσ(z)V−iσ(y)
〉
DrA−a,a
+ 1A4
〈
Viσ(y)Viσ(z)V−iσ(x)
〉
DrA−a,a
]
dxdydz,
where
A1 = {(x, y, z) ∈ Da : hA−a,a(x) = hA−a,a(y) = hA−a,a(z)},
A2 = {(x, y, z) ∈ Da : hA−a,a(x) = hA−a,a(y) 6= hA−a,a(z)},
A3 = {(x, y, z) ∈ Da : hA−a,a(x) = hA−a,a(z) 6= hA−a,a(y)},
A4 = {(x, y, z) ∈ Da : hA−a,a(y) = hA−a,a(z) 6= hA−a,a(x)}.
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Proof. We let S(u, v) = sin(σha(u)) sin(σha(v)) and define
S3,0(u, v, w) = S(u, v) + S(u,w) + S(v, w),
S2,1(u, v, w) = S(u, v)− S(u,w)− S(v, w).
By Proposition 3.1 and a computation, we have that
E
[
CσUC
σ
V C
σ
W | FA−a,a
]
(18)
= 2 cos(aσ)3
y
Da
HσDrA−a,a(x, y, z)dxdydz
− 2 cos(aσ)
y
Da
[
S3,0(x, y, z)
〈
Viσ(x)Viσ(y)Viσ(z)
〉
DrA−a,a
+ S2,1(x, y, z)
〈
Viσ(x)Viσ(y)V−iσ(z)
〉
DrA−a,a
+ S2,1(x, z, y)
〈
Viσ(x)Viσ(z)V−iσ(y)
〉
DrA−a,a
+ S2,1(y, z, x)
〈
Viσ(y)Viσ(z)V−iσ(x)
〉
DrA−a,a
]
dxdydz,
Note that for every triple (x, y, z) ∈ Da, exactly one out of S3,0(x, y, x),
S2,1(x, y, z), S2,1(x, z, y) and S2,1(y, z, x) takes the value 3 sin
2(aσ) and the
rest take the value − sin2(aσ). Thus using that cos3(aσ) = cos(aσ)(1 −
sin2(aσ)), (17) follows from (18).
Next, we will prove the following lower bound for E
[
CσUC
σ
V C
σ
W | FA−a,a
]
which
is one of the main inputs in the two-point estimate.
Lemma 3.6. Let a > λ and σ < σc. Let U, V,W be disjoint, measurable sets
compactly contained in D and set Da = (UrA−a,a)×(V rA−a,a)×(WrA−a,a).
Then
E
[
CσUC
σ
V C
σ
W | FA−a,a
]
> 2 cos3(aσ)
y
Da
HσDrA−a,a(x, y, z)dxdydz. (19)
Proof. First, we subdivide Da into
U1 = {(x, y, z) ∈ Da :x, y, z belong to the same
connected component of Dr A−a,a},
U2 = {(x, y, z) ∈ Da :x, y belong to the same
connected component of Dr A−a,a, z does not},
U3 = {(x, y, z) ∈ Da :x, z belong to the same
connected component of Dr A−a,a, y does not},
U4 = {(x, y, z) ∈ Da : y, z belong to the same
connected component of Dr A−a,a, x does not},
U5 = {(x, y, z) ∈ Da :x, y, z belong to different components of Dr A−a,a}.
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Note that U1 ⊂ A1, U2 ⊂ A1 ∪ A2, U3 ⊂ A1 ∪ A3, U4 ⊂ A1 ∪ A4 and
U5 ⊂ A1 ∪A2 ∪A3 ∪A4. Furthermore, on U2, we have〈
Viσ(x)Viσ(y)Viσ(z)
〉
DrA−a,a
=
〈
Viσ(x)Viσ(y)V−iσ(z)
〉
DrA−a,a
,〈
Viσ(x)Viσ(z)V−iσ(y)
〉
DrA−a,a
=
〈
Viσ(y)Viσ(z)V−iσ(x)
〉
DrA−a,a
,
on U3, we have〈
Viσ(x)Viσ(y)Viσ(z)
〉
DrA−a,a
=
〈
Viσ(x)Viσ(z)V−iσ(y)
〉
DrA−a,a
,〈
Viσ(x)Viσ(y)V−iσ(z)
〉
DrA−a,a
=
〈
Viσ(y)Viσ(z)V−iσ(x)
〉
DrA−a,a
,
on U4, we have〈
Viσ(x)Viσ(y)Viσ(z)
〉
DrA−a,a
=
〈
Viσ(y)Viσ(z)V−iσ(x)
〉
DrA−a,a
,〈
Viσ(x)Viσ(y)V−iσ(z)
〉
DrA−a,a
=
〈
Viσ(x)Viσ(z)V−iσ(y)
〉
DrA−a,a
,
and on U5, we have〈
Viσ(x)Viσ(y)Viσ(z)
〉
DrA−a,a
=
〈
Viσ(x)Viσ(y)V−iσ(z)
〉
DrA−a,a
=
〈
Viσ(x)Viσ(z)V−iσ(y)
〉
DrA−a,a
=
〈
Viσ(y)Viσ(z)V−iσ(x)
〉
DrA−a,a
.
We are done if we prove that the integrals in (17), over the set Uj is lower
bounded by
2 cos3(aσ)
y
Uj
HσDrA−a,a(x, y, z)dxdydz
for each j. We show it for j = 2. Since U2 ⊂ A1 ∪A2 and since〈
Viσ(x)Viσ(y)Viσ(z)
〉
DrA−a,a
=
〈
Viσ(x)Viσ(y)V−iσ(z)
〉
DrA−a,a
on U2, we have
that the integral in (17) over U2 is
2 cos(aσ)
y
U2
(
HσDrA−a,a(x, y, z)
− 4 sin2(aσ)
[
1A1
〈
Viσ(x)Viσ(y)Viσ(z)
〉
DrA−a,a
+1A2
〈
Viσ(x)Viσ(y)V−iσ(z)
〉
DrA−a,a
] )
dxdydz
= 2 cos(aσ)
y
U2
(
HσDrA−a,a(x, y, z)
− 4 sin2(aσ)〈Viσ(x)Viσ(y)Viσ(z)〉DrA−a,a)dxdydz
> 2 cos3(aσ)
y
U2
HσDrA−a,a(x, y, z)dxdydz,
where, in the last inequality, we used that〈
Viσ(x)Viσ(y)Viσ(z)
〉
DrA−a,a
6 1
4
HσDrA−a,a(x, y, z).
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The exact same procedure works for U3 and U4. In the case of U1, it is easier,
since 1A1 is the only nonzero indicator and in the case of U5, it is just as easy,
as the correlation functions are all equal. Thus,
E
[
CσUC
σ
V C
σ
W | FA−a,a
]
> 2 cos3(aσ)
y
Da
HσDrA−a,a(x, y, z)dxdydz,
and we are done.
4 One- and two-point estimates
This section proves the probabilistic estimates needed for Theorem 1.1. Through-
out, we let
d = 2− 2λ
2
(a+ b)2
.
This section is divided in two parts. We first derive an up-to-constants one-
point estimate by studying the law of conformal radius of A−a,b. In the second
part, we obtain an upper bound for the two-point estimate using an observable
constructed from the cosine of the GFF.
4.1 One-point estimate
We will use Proposition 2.4 for the one-point estimate, in particular we know
that log rD(z) − log rDrA−a,b(z) follows the law of the first time a Brownian
motion started from 0 exists [−a, b].
Lemma 4.1. Fix a, b > 0 such that a+ b > 2λ. There exists ρ > 0 such that
for all z of distance at least 2ε from ∂D,
P(rDrA−a,b(z) 6 ε) = c∗rD(z)d−2ε2−d(1 +O(ερ)),
where c∗ = 4pi−1 sin (pia/(a+ b)).
Proof. Let W xt be standard Brownian motion started from x ∈ [0, L], L :=
(a + b)pi/2λ. Then if τx = inf{t > 0 : W xt ∈ {0, (a + b)pi/2λ}}, we have that
log rD(z)− log rDrA−a,b(z) d= τapi/2λ. Moreover, if u(t, x) := P{τx > t} then u
solves the problem
ut =
1
2
uxx, u(0, x) ≡ 1, (x ∈ (0, L)), u(t, 0) = u(t, L) = 0.
With λk = kpi/L = 2kλ/(a+ b), k ∈ N, the solution can be written
u(t, x) =
∑
k>1
bke
−λ2kt/2 sin(λkx), bk =
2
L
∫ L
0
sin(λkx)dx.
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Hence for ρ = (λ22 − λ21)/2 > 0,
P{τx > t} = 4
pi
sin
(
api
a+ b
)
e−(2−d)t[1 +O(e−ρt)].
4.2 Two-point estimate
Let us first sketch the idea for this estimate. Take x, y ∈ Q˜, 0 < δ < |x− y|/4
and, recalling (14), define
Cσx = C
σ
B(x,δ), C
σ
y = C
σ
B(y,δ), and C
σ
x,y = C
σ
A,
where A = B(x, 4|x− y|)rB(x, 3|x− y|).
Let us now consider the following two-point observable
CσxC
σ
yC
σ
x,y. (20)
We will show that this observable has a small mean. However, on the event
that A−a,a gets close to both x and y this observable becomes large (due to
Lemma 3.6). The two-point estimate is obtained by quantifying this idea.
Proposition 4.2. If σ < σc, then for all x, y ∈ Q˜, and sufficiently small
δ > 0, there is a constant, K, such that
P (d(x,A−a,a) 6 δ, d(y,A−a,a) 6 δ) 6
K
(σc − σ)3
δσ
2
|x− y|σ2/2
Let us first estimate the mean of the observable (20).
Lemma 4.3. Let σ <
√
2, then for all x, y ∈ Q˜, we have that
E
[
CσxC
σ
yC
σ
x,y
]
6 Kδ4|x− y|2−σ2 . (21)
Proof. This follows from the fact that there is a constant K˜ such that for
z, w ∈ Q˜, − ln |z−w|− K˜ 6 GD(z, w) 6 − ln |z−w|+ K˜, which together with
trivial bounds on distances between points in B(x, δ), B(y, δ) and N , implies
that
HσD(u, v, w) 6 KˆrD(u)−σ
2/2rD(v)
−σ2/2rD(w)−σ
2/2|x− y|−σ2
for (u, v, w) ∈ B(x, δ)×B(y, δ)×N , for some constant Kˆ. Lastly, noting that
in B(x, δ), B(y, δ) and N , rD(z)
−σ2/2  1 (as the distance to ∂D from each
point in these sets is bounded below by some positive constant), the result
follows from (16).
We are ready to prove Proposition 4.2.
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Proof of Proposition 4.2. For distinct x, y ∈ Q˜ and δ < |x − y|/4, consider
the event
E = Eδ(x, y) = {d(x,A−a,a) 6 δ, d(y,A−a,a) 6 δ}.
Then for all z ∈ N , d(z,A−a,a) 6 5|x− y|. By distortion estimates, we have
for x′ ∈ B(x, δ), y′ ∈ B(y, δ), that rDrA−a,a(x′) . δ, rDrA−a,a(y′) . δ, and
rDrA−a,a(z) . |x− y|, almost surely. Moreover, we have that
GDrA−a,a(x
′, y′) 6 GCr[0,∞)(−2δ,−5δ) = GCr[0,∞)(−2,−5) . 1.
In the same way, GDrA−a,a(x
′, z) . 1 and GDrA−a,a(y′, z) . 1. Hence on the
event E,
HσDrA−a,a(x
′, y′, z) & δ−σ2 |x− y|−σ2/2,
and by (19),
E
[
CσxC
σ
yC
σ
x,y | FA−a,a
]
1E & cos(aσ)3δ4−σ
2 |x− y|2−σ2/21E .
Hence, there are a constants K,K ′ <∞ so that
P {E} 6 P
(
E
[
CσxC
σ
yC
σ
x,y | FA−a,a
]
> K cos(σa)3δ4−σ2 |x− y|2−σ2/2
)
6 K ′ 1
a(σc − σ)3 δ
σ2 |x− y|−σ2/2,
where we used Markov’s inequality and (21).
5 Hausdorff dimension
In this section we prove Theorem 1.1.
5.1 Upper bound on dimension
We start by noting that by Lemma 4.1, together with the Koebe 1/4 theorem
and the Schwarz lemma, we have
P(d(z,A−a,b) 6 ε)  ε2−d, (22)
for all z of distance at least 2ε from ∂D.
Next, we shall construct a cover of a compact subset of D, say, 12D, to bound
the Hausdorff dimension there. It will be obvious that this construction works
for any compact subset, and hence gives the upper bound. First, we let
Qεm,n =
[
−1
2
+
m
4
ε,−1
2
+
m+ 1
4
ε
)
×
[
−1
2
+
n
4
ε,−1
2
+
n+ 1
4
ε
)
,
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for 0 6 m,n 6 4ε−1, and denote by xεm,n the center of Qεm,n, i.e., xεm,n =(−12 + 2m+18 ε,−12 + 2n+18 ε). Furthermore, we let Eεm,n be the event
{d(xεm,n,A−a,b) 6 ε},
Nε =
4ε−1∑
m,n=1
1Eεm,n
and
Qε =
⋃
m,n:Eεm,n occurs
Qεm,n.
Then,
E[Nε] =
4ε−1∑
m,n=1
P(d(xεm,n,A−a,b) 6 ε) .
4ε−1∑
m,n=1
ε2−d . ε−d. (23)
Also, for every ε > 0, Qε is a cover of A−a,b ∩ 12D, and hence A−a,b ∩ 12D ⊂
∪l>kQe−l , for every nonnegative integer k. Thus, if we denote by Hs and Ms∗
the s-dimensional Hausdorff measure and lower Minkowski content, respec-
tively, then
Hs
(
A−a,b ∩ 1
2
D
)
6 cMs∗ (∪l>kQe−l) ,
for some constant c and all k > 1. Thus,
E
[
Hs
(
A−a,b ∩ 1
2
D
)]
6 lim
k→∞
c
∑
l>k
E[Ne−l ]e−ls = 0
for all s > d. Thus, for all s > d, Hs
(
A−a,b ∩ 12D
)
= 0 almost surely, and
hence dimHA−a,b ∩ 12D 6 d. Since this construction works for any compact
subset of D, intersected with A−a,b, we have proven the following.
Proposition 5.1. Let a, b > 0, a+ b > 2λ. Then, almost surely,
dimHA−a,b 6 2− 2λ
2
(a+ b)2
.
5.2 Lower bound
In this section, we prove the lower bound on dimHA−a,b. To prove the lower
bound, we use a standard technique: we construct a measure that lives on
the set that for every s < d has finite s-dimensional energy. Again, we will
do this for A−a,b intersected with a compact subset of D, this time,
Q˜ := {z : |Re z|, |Im z| 6 1/30},
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for the sake of convenience.
Given the two-point estimate Proposition 4.2, constructing the measure and
estimating the energy is now a fairly standard argument but we also need
to show that the dimension depends only on a + b and that it is constant
almost surely; the proofs of these facts use the particular construction of the
two-valued set.
Proof of Theorem 1.1. We begin by constructing a measure µ, such that the
support of µ is contained in A−a,a ∩ Q˜ and
Is(µ) =
x dµ(x)dµ(y)
|x− y|s <∞
for each s < d. This will imply that dimHA−a,a ∩ Q˜ > d with positive
probability.
For now, fix N ∈ N, consider the following subsets of Q˜
QNm,n =
[
− 1
30
+
m
15
e−N ,− 1
30
+
m+ 1
15
e−N
]
×
[
− 1
30
+
n
15
e−N ,− 1
30
+
n+ 1
15
e−N
]
,
for 0 6 m,n 6 eN−1, and let xNm,n denote the midpoint of QNm,n. Furthermore,
we let EN (z) denote the event {d(z,A−a,a) 6 e−N} and write
QN =
⋃
m,n:EN (xNm,n) occurs
QNm,n.
Then,
Q =
⋂
k>1
⋃
N>k
QN ⊂ A−a,a.
Next, we define the random measures, µN as
µN (A) =
∫
A
eN−1∑
m,n=1
1EN (xNm,n)
P(EN (xNm,n))
1QNm,n(z)dz.
The goal is to let the measure µ that we want to construct, be a subsequential
limit of the sequence of measures (µN )N>1. Clearly, E[µN (Q˜)]  1. Fur-
thermore, we must bound E[µN (Q˜)2] independently of N , since then, by the
Cauchy-Schwarz inequality,
P(µN (Q˜) > 0) >
E[µN (Q˜)]2
E[µN (Q˜)2]
& 1, (24)
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with an implicit constant which is independent of N . This implies that the
event on which we want to take a subsequence has positive probability. We
note that
µN (Q˜)
2 =
x
Q˜×Q˜
dµN (x)dµN (y) 6
x
Q˜×Q˜
dµN (x)dµN (y)
|x− y|s = Is(µN ),
for s > 0, since |x−y| < 1 for x, y ∈ Q˜. Thus it is enough to bound E[Is(µN )]
for some s > 0. We now bound
E[Id−ε(µN )] =
eN−1∑
k,l,m,n=1
P(EN (xNk,l) ∩ EN (xNm,n))
P(EN (xNk,l))P(EN (xNm,n))
x
QNk,l×QNm,n
1
|x− y|d−εdxdy
for ε > 0 small. First, we note that for all k, l,m, n,x
QNk,l×QNm,n
1
|x− y|sdxdy . e
(s−4)N ,
where the implicit constant is independent of N . Thus, for the diagonal terms,
we have ∑
(k,l)=(m,n)
1
P(EN (xNm,n))
x
QNm,n×QNm,n
1
|x− y|sdxdy
. e2Ne(2−d)Ne(d−ε−4)N = e−εN .
For the off-diagonal terms, we have∑
(k,l) 6=(m,n)
P(EN (xNk,l) ∩ EN (xNm,n))
P(EN (xNk,l))P(EN (xNm,n))
x
QNk,l×QNm,n
1
|x− y|d−εdxdy
. (σc − σ)−3
∑
(k,l) 6=(m,n)
e−σ2
|xNk,l − xNm,n|σ2/2
e−2(d−2)Ne(d−ε−4)N
= (σc − σ)−3
∑
(k,l) 6=(m,n)
1
|xNk,l − xNm,n|σ2/2
e−(σ
2+d+ε)N ,
which, choosing σ large enough (since d = 2−σ2c/2), is bounded by a constant,
independent of N . Thus, (24) holds uniformly in N . Hence, with positive
probability, dimHA−a,a ∩ Q˜ > d.
We now show that this estimate also holds for other choices of a, b. Indeed,
consider A−a,b for possibly different a, b. Let Γ˜ be a GFF with boundary
values (b− a)/2 and let A˜−a˜,b˜ denote the two-valued set of levels −a˜ and b˜ of
Γ˜. Then A˜−(a+b)/2,(a+b)/2 = A−a,b almost surely and since all previous results
can be directly generalized to constant boundary condition different from 0,
the conclusions hold for Γ˜ as well. Hence, there is a constant c > 0 such that
P(dimHA−a,b > d) > c. (25)
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Figure 2: The red set is A−λ,λ, for each component Oj of Dr A−λ,λ and the
black set inside Oj is Aj . We define ϕj : Oj → D such that ϕj(zj) = 0 and
ϕ′j(zj) > 0. Then, the law of ϕj(Aj) (black set inside D in the right picture)
is that of a two-valued set with the same parameters, in D.
Now, we turn to proving that the lower bound that we have with positive
probability actually holds almost surely and this will conclude the proof of
Theorem 1.1. By the reasoning to get (25), it is enough to consider the local
set A−a,a. As mentioned in the introduction, dimHA−λ,λ > 3/2 almost surely,
since that is the dimension of the SLE4 curves used to construct A−λ,λ. The
latter is a well-known result due to Beffara [7]. Thus, assume that a > λ
and generate A−λ,λ. Then D r A−λ,λ consists of countably infinitely many
connected components, {Oj}, where each Oj is a simply connected domain.
Conditional on A−λ,λ, pick a collection of points {zj}, such that zj ∈ Oj
and let ϕj be the conformal map of Oj onto D, such that ϕ(zj) = 0 and
ϕ′j(zj) > 0. Recall that we defined Q˜ = {z : |Re z|, |Im z| 6 1/30} and then
set Qj = ϕ
−1
j (Q˜), see Figure 2. Then Qj b ϕ−1j (12D) b Oj and hence, the
restriction ϕj |Qj is bi-Lipschitz.
In each component Oj we have an independent zero-boundary GFF plus the
harmonic function hA−λ,λ ∈ {−λ, λ}. In the components where the harmonic
function takes the value −λ, we explore the set A−a+λ,a+λ and in the compo-
nents where the harmonic function takes the value λ we explore A−a−λ,a−λ.
Let Aj be the two-valued set explored in Oj . Then A−λ,λ ∪j Aj = A−a,a.
We note that for each j, we have that if Aj = A−a−λ,a−λ(Oj) then ϕj(Aj)
has the law of A−a−λ,a−λ(D) and if Aj = A−a+λ,a+λ(Oj), then ϕj(Aj) has the
law of A−a+λ,a+λ(D). Since ϕj |Qj is bi-Lipschitz, it follows from Theorem 7.5
of [12] that dimHAj ∩ Qj = dimHϕj(Aj) ∩ Q˜. Since ϕj(Aj) has the law of
either A−a−λ,a−λ(D) or A−a+λ,a+λ(D), (25) implies that P(dimHAj ∩ Qj >
d) > c > 0, for some constant c. By the conditional independence of the
GFFs in the different regions, this construction works, and gives the same
lower bound, for every j; that is, c is independent of j. It follows that
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dimHA−a,a > dimH ∪j (Aj ∩ Qj) = supj dimHAj ∩ Qj > d, almost surely.
Thus, we have that if we fix a, b > 0 such that a+b > 2λ, then dimHA−a,b = d
almost surely.
6 Remarks on the conformal Minkowski content
In this section, we will consider a particular limiting measure supported on
A−a,b. For δ > 0, define the random measure on D by the relation
dµδ = δrDrA−a,b(z)
−(σc−δ)2/2dz,
where σc = 2λ/(a+ b). In what follows, we will write ν(f) =
∫
fdν.
Proposition 6.1. As δ → 0+, the random measures µδ converge in law with
respect to the weak topology to a random measure µ. In fact, for every positive,
bounded, and measurable function f , we have
µ(f) = lim
δ→0+
µδ(f) ∈ [0,∞),
where the limit is in L1(P), and
E[µ(f)] =
2
a+ b
sin
(
pia
a+ b
)∫
f(z) rD(z)
−σ2c/2dz.
Proof. Let us fix a, b > 0 and define V˜ as the imaginary chaos related to Γ˜
which we take to be a GFF with boundary value (b− a)/2, i.e., a 0-boundary
GFF Γ plus the constant (b−a)/2. Define A˜−a˜,a˜ as the two-valued set of level
a˜ := (a+ b)/2 of Γ˜ and note that it is a.s. equal to the two-valued set A−a,b
of Γ.
Since σc 6 1, it follows from Proposition 1.4 of [1] that (V˜iσ, f) converges in
L1(P) to (V˜iσc , f) as σ ↗ σc (note that their proof is for the real multiplicative
chaos, but the proof for the imaginary chaos is analogous). Taking real parts,
we have
E
[
Re(V˜iσc , f)
∣∣∣FA˜−a˜,a˜] = limδ→0+E [Re(V˜i(σc−δ), f)∣∣∣FA˜−a˜,a˜]
= lim
δ→0+
∫
f(z) rDrA˜−a˜,a˜(z)
−(σc−δ)2/2 cos ((σc − δ)a˜) dz
= a˜ lim
δ→0+
µδ(f),
where we used that cos((σc − δ)a˜)/δ → a˜ as δ → 0+ in the last equality and
the limit is in L1(P). Therefore, for each continuous and bounded f , µδ(f)
converges in law to a limiting random variable, so it follows that there exists
a limiting random measure µ such that µδ(f)→ µ(f) in law, and where the
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convergence of the measures is in law with respect to the vague topology.
Since the measures we consider are a.s. bounded and since the µδ-mass of the
unit disc converges in law, the measures µδ converge to µ in law with respect
to the weak topology. See, e.g., Chapter 4 of [9].
To obtain the result of the expected value of the measure it is enough to see
that
E
[
Re(V˜iσc , f)
]
= cos
(
σc
b− a
2
)∫
f(z) rD(z)
−σ2c/2dz,
together with
cos
(
σc
b− a
2
)
= sin
(
pia
a+ b
)
Let us introduce the following notation, following [3]. Given a function F :
(0,∞)→ (0,∞) and a set A ⊂ D, we define a measure on D by
dMA(F ) = 1DrA(z)F (rDrA(z))dz.
Next, for δ > 0, we write
Fδ(s) = δs
−σ2c/2+δ(σc−δ/2)1{(0,1)}(s)
and we set M(F ) =MA−a,b(F ). We claim that Proposition 6.1 implies that
the measures
dM(Fδ) = δ1DrA−a,b(z)rDrA−a,b(z)
−σ2c/2+δ(σc−δ/2)1{(0,1)}(rDrA−a,b(z))dz
converge in law, with respect to the weak topology, to the random measure
µ, which is supported in A−a,b. Indeed, the term 1DrA−a,b(z) actually makes
no difference when integrating, as A−a,b has zero Lebesgue measure and that
the support is contained in A−a,b follows since for each ε > 0,
lim
δ→0
δ
∫
d(z,A−a,b)>ε
f(z)rDrA−a,b(z)
−(σc−δ)2/2dz = 0,
almost surely, yet µ(f) > 0 with positive probability.
We will now argue that if the conformal Minkowski content of A−a,b exists,
then it must be equal to a constant times µ. The conformal Minkowski content
of A−a,b of dimension d = 2− 2λ2/(a+ b)2 is defined by the following limit
M−a,b = lim
ε→0
εd−2
∫
DrA−a,b
1{rDrA−a,b (z)6ε}dz.
The existence of this limit is non-trivial and we do not currently have a proof
of it.
This rest of the section is devoted to proving the following conditional propo-
sition, assuming the existence of M−a,b.
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Proposition 6.2. Let a, b > 0 be such that a + b > 2λ. On the event that
M−a,b exists, we have M−a,b /∈ {0,∞}. Moreover, if M−a,b exists a.s., then
E [M−a,b] = c∗
∫
D
rD(z)
d−2dz,
where
c∗ =
4
pi
sin
(
pia
a+ b
)
.
Again, for the sake of convenience, we consider A−a,a. For u ∈ (0, 1), we let
Jσu(x) = u
−σ2
2 1{(0,u)}(x)
and note that if M−a,a exists, then it is the weak limit of
∫
M(Jσcu ) as u↘ 0.
We now prove the following lemma, which (together with a comment on the
case of non-symmetric two-valued set) will give the proof of Proposition 6.2.
Lemma 6.3. Let A ⊂ D and assume that limu→0MA(Jσcu ) and limδ→0MA(Fδ)
exist. Then
lim
u→0
(MA(J
σc
u ), f) =
2
σc
lim
δ→0
(MA(Fδ), f)
for every bounded measurable function f .
Proof. Let ε = δ(σc − δ/2) and note that
Fδ(s) = δ −
∫ 1
0
F ′δ(t)1{s6t}dt = δ + δ
(
σ2c
2
− ε
)∫ 1
0
t−
σ2c
2
+ε−11{s6t}dt.
Thus, we have
(MA(Fδ), f) = δ
∫
DrA
f(z)dz
+ δ
(
σ2c
2
− ε
)∫
DrA
f(z)
∫ 1
0
t−
σ2c
2
+ε−11{rDrA(z)6t}dtdz
= δ
∫
DrA
f(z)dz + δ
(
σ2c
2
− ε
)∫ 1
0
t−1+ε(MA(Jσct ), f)dt.
The first term tends to 0 as δ → 0. Making the change of variables t = e−x/δ
in the second integral, we get
δ
(
σ2c
2
− ε
)∫ 1
0
t−1+ε(MA(Jσct ), f)dt
=
(
σ2c
2
− ε
)∫ ∞
0
e−x(σc−
δ
2
)(MA(J
σc
exp(−x
δ
)), f)dx,
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which we want to consider the limit of, as δ → 0. Since limu→0MA(Jσcu )
exists, we have that supu∈(0,1)(MA(Jσcu ), f) is finite and hence the dominated
convergence theorem implies that
lim
δ→0
∣∣∣∣∫ ∞
0
(e−x(σc−
δ
2
) − e−xσc)(MA(Jσcexp(−x
δ
)), f)dx
∣∣∣∣
6 lim
δ→0
sup
u∈(0,1)
(MA(J
σc
u ), f)
∫ ∞
0
|e−x(σc− δ2 ) − e−xσc |dx = 0.
Thus,
lim
δ→0
(MA(Fδ), f)
= lim
δ→0
(
σ2c
2
− ε
)∫ ∞
0
e−x(σc−
δ
2
)(MA(J
σc
exp(−x
δ
)), f)dx
= lim
δ→0
σ2c
2
[∫ ∞
0
(e−x(σc−
δ
2
) − e−xσc)(MA(Jσcexp(−x
δ
)), f)dx
+
∫ ∞
0
e−xσc(MA(Jσcexp(−x
δ
)), f)dx
]
= lim
u→0
σ2c
2
(MA(J
σc
u ), f)
∫ ∞
0
e−xσcdx
=
σc
2
lim
u→0
(MA(J
σc
u ), f).
since the term on the third line vanishes and by using the dominated conver-
gence on the integral on fourth line.
Proof of Proposition 6.2. Again, noting that A−a,b of Γ is almost surely equal
to A−(a+b)/2,(a+b)/2 of a GFF with different boundary conditions, the non-
triviality part of Proposition 6.2 is proven and hence the proof is complete.
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